Let G be a complex semisimple Lie group of rank /, with fixed Borel subgroup B and maximal torus H. Let P be a standard parabolic subgroup. The torus H acts on G/P by gP ι-> hgP. The closure X in G/P of an orbit {hgP\h e H} is called a torus orbit if it is /-dimensional and satisfies a certain genericity condition; it is a rational algebraic variety whose structure is intimately related to Lie theory, symplectic geometry, and the theory of convex bodies. This paper presents: (1) an abstract description of the torus orbit X by means of a rational polyhedral fan; (2) a description of the torusinvariant divisor whose linear system provides a natural embedding (the Plucker embedding) of X into a projective space; (3) a discussion of the correspondence between this divisor and the momentum mapping associated to the action on X of the compact torus T c H (4) a list of generators of the ideal defining the Plucker embedding; (5) a formula for the intersection multiplicity of certain important torus invariant divisors on X.
We have encountered torus orbits in several problems, and the calculations just mentioned have proved useful in those other studies. In work with N. Ercolani, we find torus orbits as compactified (complex) level varieties in a certain integrable Hamiltonian system, the so-called Toda lattice. A. Bloch, T. Ratiu, and Flaschka use torus orbits in the compact setting, K/T rather than G/B, to prove a convexity theorem for a "Hermitian" Toda lattice (Duke Math. J., to appear). In collaboration with R. Cushman, we study Grδbner bases for projective embeddings of torus orbits; these are simpler than, but in some model cases dual to, the standard monomials on G/P itself. Finally, the theory of integrable systems suggests that a detailed understanding of torus orbits in loop groups might be useful and interesting.
Because the summary of necessary definitions from the theory of toric varieties takes several pages (cf. §2), we devote this Introduction mostly to a description of results that can be stated without much specialized apparatus. Just a few words about items (1), (2) , and (3) above. In §3, we establish some properties of the image of the momentum map referred to in point (3); it is a convex polytope with vertices in the weight lattice. The fan Δ defining X as toric variety is 251 then constructed in Theorem 1, §4. A "Plϋcker" embedding is defined and studied in §5. As one knows from Borel-Weil-Bott theory, G/P can be embedded in a projective space by the sections of a certain line bundle L ω , where ω (a sum of fundamental weights) characterizes the parabolic subgroup P. The pullback L* of this bundle to X c G/P embeds X in a (generally different) projective space. The corresponding divisor on X is computed in Theorem 2, and the dimension of the projective space in Theorem 3: it is equal to the number of distinct weights in the representation of G with highest weight ω.
Some of this material appears, in one form or other, in the literature, e.g. [1] , [3] , [9] . We have not, however, seen the complete picture spelled out in a way that makes it possible to do computations using the extensive theory of toric varieties. The results provide a simple and elegant illustration of toric varieties, and should be better known.
We now summarize the content of § §6 and 7. As mentioned already, one may associate a weight ω = cot H h ω z , to the parabolic P. Correspondingly, there is a representation (with highest weight ω) of G on a vector space V ω with highest weight vector υ ω . The stabilizer of v ω is precisely P. Furthermore, the projectivization P(^ω) of the orbit of G through v ω is isomorphic to G/P. Let sf be the set of all weights, listed with multiplicity if necessary, and choose a weight vector vi* for each μ e srf . Then one may write υ eV . In §6, we rewrite his equations, and extract an ideal for the Plϋcker embedding of the torus orbit X.
THEOREM. The variety ¥{@ ω ) is defined by equations of the form
The generic torus orbit is defined by π μ π μ > = Some of the equations (*) may degenerate to linear equations. Remember that weights with multiplicity > 1 are listed repeatedly; if TORUS ORBITS IN G/P 253 μ 1 , v 1 both label the weight β, then μ + μ' = μ + /? = μ + iΛ and the factor π μ cancels from π μ π μ > = kπ μ π u >, leaving π μ > = kπ v >. In this way, the dimension of the projective space in which X is naturally embedded can often be decreased; Theorem 4 gives the precise statement.
As already mentioned, this result is used elsewhere in a study of Grobner bases of the ideals defining projective embeddings of torus orbits.
Our final Theorem, in §7, is important for the analysis of the complex Toda lattice. Let X be a torus orbit in G/B. Let Dj be the torus invariant divisor defining the line bundle L ω . 
THEOREM. The intersection number (D\ D{) is given by

where \W\ is the order of the Weyl group of G and C is the Cartan matrix of G.
There is a similar formula for the intersection (Z), Z>; V{τ)), where V(τ) is a suitable slice transverse to the intersection of the D; . This computation uses all the formulas derived in the preparatory § §3, 4, and 5.
In the nonperiodic Toda lattice, the interest is in the cohomological and set-theoretic intersection multiplicity of divisors linearly equivalent to the Dj. These are the so-called "balances" of Painleve analysis. Empirical formulas were found by one of us (H.F.) in 1986, and stimulated much of our subsequent work. Formulas like (**) were announced by M. Adler and P. van Moerbeke at a conference at MSRI in June 1989; in their setting, X is an additive torus orbit, i.e., abelian variety, in a loop group, and the Dj are translates of the theta-divisor; this is relevant to the periodic Toda lattice. It is not clear at present why results about (C*/-invariant divisors should carry over to a quite different situation with barely any change; a generalization of the present paper to loop groups may provide some interesting answers.
We denote its elements by w, and we do not distinguish between the class w and a representative of that class unless, of course, the choice of representative makes a difference.
The positive simple roots are a\, ... , α/. The root system is R, and the set of positive (resp. negative) roots is i? + (resp. -i? + ). The root lattice will be denoted by M, and the Euclidean space spanned by M is called M R (this notation conforms to [8] ). There is a natural inner product ( , •) on MR. The Weyl group W acts on M R , preserving the inner product. The reflection in a root β will be denoted by Sβ . For a e R, we fix a root vector e a in the root space S? a \ thus [ζ > e<χ] = ot{ξ)e a 9 ζ e JF. The homomorphism H -• C* induced by a is denoted by exponent a:
The fundamental weights are called ω\, ... , ω/. The coweights are defined by the Z-lattice generated by the ώj is called N, and the corresponding Euclidean space is iV R . M and iV are dual; we denote the pairing by ( , •), so that {ώi, aj) = <Jy. The Weyl group W also acts on TVR .
Abstractly, one may identify iV R with the real part ^R of the Lie algebra of //, and M R with its dual (^R)*. The pairing ( , •) is given by the Killing form.
A subgroup P of G containing B is called parabolic. Every parabolic P is associated with certain data. There is a subset S c {1,...,/} determined by P; let S be the complement of S. Let -R + (S) be the set of negative roots in the root subsystem of R generated by a k , k e S, and let -R+(S) = -i?+\ -R+(S). The Lie algebra & of P has the direct sum decomposition (x) , w e W/W s , are nonzero. This is the type of definition of "generic" used in [3] .
(iv) One can prove that generic open torus orbits must have the maximal dimension / see below.
Fix a torus orbit X in G/P. We now list certain properties of X. The first result is proved in [3] . When G/P is realized as the projective variety @ ω , the torus orbit X C G/P also becomes a projective variety and so acquires a Kahler form whose imaginary part, Ω, is symplectic. Let K be the compact real form of G, and let T c K be the (compact) maximal torus whose complexification is H. The action of T on G/P is Hamiltonian with respect to Ω, and has a momentum mapping /: G/P -• ^*. Here ^"* is the dual of the Lie algebra y of T (which is naturally identified with MR .) We are concerned only with the restriction of / to a torus orbit X it will again be denoted by /. The proof is in [1] and [3] . It is important to note that Ω, J and J(X) depend on a choice of projective embedding (into P(V ω ), in the present case); furthermore, the momentum map / is determined only up to translation in MR . The normalization in Fact 2 is the customary one; we return to this matter later. A fairly explicit description of J(X) in terms of roots and weights is worked out in §3. The final result is a special case of Theorem 5.5 in [7] .
Fact 4. Let τ be a codimension 1 face of J{X), and let Y τ be the open torus orbit, of codimension 1 in X, whose image under / is the relative interior of τ. Let μ e MR be normal to τ, and let μ e N R = β?k be the element that is dual to μ via the Killing form. Then:
(i) the torus exp tμ fixes the points of Y τ (ii) the Weyl group stabilizer W μ of μ permutes the vertices of τ (iii) μ may be taken to be a Weyl group conjugate of one of the fundamental weights ω\, ... , ω/.
We indicate briefly how this follows from Lerman's theorem. Lerman works with the compact group K and realizes G/P as a coadjoint orbit, but this is a minor point. He is interested in singular values of the momentum map from all of G/P to ^*. He shows that the irreducible components of the set of singular values have the form
where η is a vertex of J(X) and μ is Weyl group conjugate to some a)j. In general, such a set intersects the interior of J(X). Atiyah's
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-ω, FIGURE 1 result, Fact 3, guarantees that the singular values of / on X lie on the faces of J(X). If now η is a vertex of τ, then by Fact 2 the set W η consists of all vertices of J(X). To get exactly the vertices of τ, one must cut down to a subgroup of W that leaves τ invariant. According to Lerman, this subgroup is W μ for some μ. It is generated by reflections in roots orthogonal to μ, and since the face τ has codimension 1, μ must be orthogonal to it. One can find the Kahler form of G/P in [10] , for example; the polytope J(X) has vertices at the weights
of the representation p ω i, see Figure 1 . The weight vectors are v\t\ V2 > vi Λ v3, and V2 Λ ^3, which correspond to the fixed points, as just explained. D 260 HERMANN FLASCHKA AND LUC HAINE 2.3. Toric varieties. We collect some basic properties of toric varieties. Our notation follows [8] .
The theory of toric varieties deals with abstract manifolds equipped with a torus action. The torus is isomporphic to (C*) z , just like H in the preceding subsection, but it is not given quite so explicitly: one starts with dual lattices N and M, and thinks of the torus as a group of characters, TV = Hom z (M, C*) = 7V®zC*.
Thus To a fan Δ, one associates an abstract variety with torus action. We review the steps.
Let σ G Δ. The dual cone is the set
Note that u is allowed to be zero. Let U σ be the set of all characters 
Define e(m)(w) = w(m). TΆe map is one-to-one, and if U σ is identified with its image, it becomes an irreducible normal ajfine variety.
The 
/we together to define a complete (but not necessarily projective) algebraic variety denoted by 7V emb(Δ). Such a variety is called a tone variety.
EXAMPLE 2. Because we will use this example to illustrate certain points later on, we go against our conventions this one time and let N be the coroot lattice and M the weight lattice of the Lie algebra A 2 = sl(3, C). The computations that follow are related to Example 1, but that won't be clear until the end of this section.
Consider the fan Δ and the dual cones depicted in Figure 2 . Look at the dual cone β\. The lattice semigroup S& = ά\ Π M is generated over Z>o by three elements, ω\ + ω 2 , 2ω\ -ω 2 , and ω\. Call them m\,m 2 and m$. Since 3 . and (e(ωi -2ω 2 ), e(-ωi -ω 2 ), e(-ω 2 )) = (*i, z 2 , z 3 ).
The equations defining the affine varieties are the same:
We show how to find the transition functions. Consider σ\Πσ 2 . This is the one-dimensional cone τ through άi + 2ά 2 , with dual τ = the upper half plane in MR . The annihilators of τ are
The intersection C/^ n C/^ is defined by x 2 Φ 0, y 2 Φ 0. To get the transition functions, compute as follows: REMARK. AS is pointed out in [8] , the sign convention is peculiar. To get positive multiplicities, one must assign negative values to
h(n{p)). π
This beautiful theorem opens the door to the detailed study of toric varieties. As explained in [8, Chapter 2] , there is a 1-1 correspondence between torus-invariant divisors and Δ-linear support functions. Furthermore, every divisor is linearly equivalent to a torus-invariant one. For each h, there is a (possibly empty) polytope D^, whose definition is different from the one in the theorem when h is not upper convex.
The number of lattice points in D^ always gives dimH°(X, <fχ{D h )).
One of our goals is to find the D^ corresponding to the V ω embedding of a torus orbit in G/P, and to relate it to the momentum polytope J(X). EXAMPLE 2, CONTINUED. Thus far, an abstract toric variety 7Vemb(Δ) was realized as WQW\W2 = w% in CP 3 . We compute the hyperplane divisor and the corresponding function h.
Take the edge p through άi + 2ά2 (see Figure 2 ). In the cone ά\, p 1 is the line through 2ω\ -o)2. A character on M n ρ L is one that vanishes on the other two generators of άiΠM. Under the map e( ), this corresponds to X\ = χ 3 = 0. Similarly, one sees that the edge through άi -hi corresponds to xι = 0 and the edge through -2άi -QL2 to yι = 0. Now, a hyperplane section of the embedding into CP 3 is W3 = 0. Its divisor on WQW\W2 = W% is torus invariant. It has three irreducible components: Wi =0, W2 = 0, and WQ = 0, which correspond, respectively, to x\ = 0, X2 = 0, and y2 = 0. Thus, the divisor can be written
These multiplicities are provided by the function h defined by
The polytope D^ is just the triangle in Figure 1 . D
We can now explain the point of this example.
(1) Associated to a projective embedding of a toric variety T N emb(Δ), there is a polytope D^ with vertices in M (the root lattice, in our setting);
(2) associated to a projective embedding of a torus orbit X in G/P, there is the momentum polytope J{X) with vertices in the weight lattice (Fact 2).
[8, Theorem 2.22] also describes an inverse to the construction 1): In Example 1, we computed J{X) for the torus orbit X = (CP 2 )*. The fan in Example 2 corresponds to this polytope under the inverse construction 3); this emerges at the end of the example, when it is seen that Π h = J(X). Obviously, the singular variety T N emb(Δ) found in Example 2 is not the original X. Thus, the sequence of constructions
does not return to the starting point. In the next two sections, we compute the correct fans and polytopes that describe torus orbits and their projective embeddings.
3. The momentum polytope According to Fact 2, §2, the image J(X) of X under the momentum map of the action of the compact torus is the convex hull of the Weyl group orbit W ω. We shall need quite a bit of information about this polytope. Some of the results are probably known, but since there seems to be no convenient reference, we supply the (short) proofs. DEFINITION 2. The convex polyhedral cone, with vertex at ω, generated by the edges of J(X) emanating from ω, is denoted by ω+B.
First we describe the edges that generate the cone ω + B. The geometry is fairly clear. The weight ω lies in the intersection of / -\S\ walls of the positive Weyl chamber, and in the closure of \W S \ many Weyl group translates of that chamber. To get the edges leaving ω, one must reflect ω in the \S\ "opposite" walls of each chamber containing ω. In general, not all of the images will be distinct. Now choose another point w -ω in the orbit W ω. Declare the. Weyl chamber containing this weight to be positive, and repeat the* argument above with the corresponding new set of simple roots. It follows that Π ω is contained in the intersection of all the cones with vertices in Wω and generated by the edges of J(X) at those vertices, and that set is precisely J(X).
• LEMMA Because ω -a is not a weight, it follows that ω + a is a weight. D 4. The fan of a torus orbit. We will show that a torus orbit in G/P is a toric variety 7# emb(Δ) according to our conventions, the fan Δ will lie in the space NR generated by the coweight lattice, while the dual cones lie in MR , the Euclidean space containing the root lattice.
If ae -B+(S), then ω + a e Π ω .
Proof Let a e -R + (S). Write
Let X be a fixed torus orbit. Set Z w = Z w nX. The Z w cover X by Lemma 2, and because X is generic, the Z w are nonempty. They will be shown to correspond to the affine varieties U σ for the maximal-dimensional cones σ of a certain fan Δ. LEMMA 
Fix an ordering of the roots in ~i?
+ (5 r Let t/£ be the set of characters obtained in this way. REMARK. Note that by definition, u x is never zero on ^. d . Therefore, U® is a proper subset of the set U σ . of all characters. α id ld We now associate a character of c5^. d to the remaining points of Z . The argument is carried out in detail only for characters corresponding to the points of (nongeneric) codimension 1 open torus orbits in Z. It will be clear that the extension to smaller nongeneric open torus orbits in Z requires more complicated notation but no new ideas.
Let Y be a codimension 1 open torus orbit in X. By Facts 3 and 4, §2, the one-dimensional stabilizer torus exp tμ of Y is generated by a //€ MR that is normal to a codimension 1 face of the momentum polytope J{X). Assume first that this face contains the vertex ω of J(X). Then by Lemma 5, μ is normal to a codimension 1 face τ of σid. In the expression there are factors with a(μ) = 0 (when a e τ) and factors with a(μ) Φ 0. Change the sign of μ, if necessary, to make a(μ) < 0 for all a € -R + (S). This is possible because the whole cone σ id lies on one side of τ. As t -• oo, the factors with a(μ) < 0 tend to the identity element, and the limit is The point n°{τ)P still belongs to the big cell of G/P (it has an N P P factorization); hence it lies in Z. The (/ -l)-dimensional torus generated by the annihilator of μ in ^ = iV R acts in the usual way: This shows that idP e Ύ 9 and since J(idP) = ω (see Fact 2 in §2), the face of J(X) associated to Ύ contains ω.
Entirely similar arguments establish a correspondence between codimension k open torus orbits in Z and the relative interiors of codimension k faces of σ^. The only difference is that the stabilizers are now generated by k elements μ\, ... , μ^ in JY R , all of which are normal to a codimension k face of σ^. FIGURE 3 We have now associated a character u x on ^. d to each point x e Z . There are, in fact no other characters: if u is a character, define xeZ by
x= Yl exp(u(a)c°e a ). a€-R + (S)
It is easy to see that this definition is consistent.
To complete the identification of the torus orbit X with an abstract toric variety 7V emb(Δ), one must construct the fan Δ in NR and verify that the patches U σ glue together as described in 2.3.
The fan A of X consists of the cones w their faces.
, for w e W/W s , and all
Proof. It follows from Lemmas 4 and 5 that the cones σ^ and σâ re dual. The verification of the patching conditions is tedious but straightforward, and is omitted. D EXAMPLE 1, CONTINUED. Consider again the torus orbit X = (CP 2 )* = G/P. The fan described in Theorem 1 is drawn in Figure 3 .
In the next section, we show how to compute the polytope Dt hat determines the embedding of this toric variety into P(F ω 2). It is related to, but not quite the same as, the momentum polytope J(X). The proof is based on a sequence of simple lemmas. with p uniquely determined by w~ιn = n'p, n 1 e iVp, p e P. From this we obtain (omitting the symbol /? ω for ease of notation)
In the last two steps, we used properties of ( , •) mentioned in §2.1.
Recall that Z id and U σ . are identified by ae-R + (S) and that the cocyle defining L^ is
the adjoint representation, which is 14-dimensionaL The flag variety G/P\ is embedded (by L ω ) into CP 13 . Since 0 is a weight of multiplicity 2, and all other weights (= roots) have multiplicity 1, a torus orbit X is embedded (by L*) into CP 12 . It is easy to check that the polygon D^ from Theorem 2 is the hexagon with vertices at 0, -αi, -3a\ -3c*2 , -4αi -6α2 , -3a\ -60:2, -OL\ -3c*2 > and that it contains 13 points of the root lattice.
The polygon Ώ h contains a lot of information. For example, there is the following criterion for nonsingularity of a toric variety: We have already mentioned that usually (e.g. in [1] , [3] ) the momentum mapping on G/P is normalized so that the vertices of the image lie in the weight lattice. The weight lattice is the character group of the maximal torus H in the simply connected group G. Its center Z acts trivially on G/P but (in general) nontrivially on L ω .
Other tori can act on G/P as well. A μ in the weight lattice defines a character χ μ of H. Let Z o = {ζ e Z\χ μ (ζ) = 1}. The character lattice of H/ZQ is a subgroup of the weight lattice. When μ = ω, it becomes the root lattice M. Since the momentum map of the Γ-action is defined only up to translation by a constant element of * = Λf R , it is natural, when considering the action of H/ZQ , to perform a translation J H-> / -μ. For the adjoint torus action of interest to us, this agrees with Corollary 4.
We should also note that a torus 7V always acts effectively on Γ/v emb(Δ). (Indeed, a t e TV is a homomorphism from M to C*, and it acts on u e S? a by (tu)(m) = t(m)u(m) . Thus, t acts as the identity only if t = 1.) It is impossible, therefore, to have a non-effective action of T N on G/P and an effective action on a line bundle over G/P (as is the case for if). D EXAMPLE 4. The results obtained so far allow us to decide which torus orbits in G/P are nonsingular, when G = SL(/ + 1, C). This is somewhat tangential to the main concerns of the paper, so we only give a brief summary. Consider first a maximal parabolic P k . Then S = {k}, and -R + (S) consists of roots of the form with i <k < j. None of these is a positive linear combination of the others, so they all represent edges of the cone σ^. When 2 < k < /-1, we see via Lemma 5 that there are more than / edges at the vertex id ω -ω = 0 of D/j, and such a torus orbit must be singular.
Warning. Remember that "torus orbit" means "generic". There are nonsingular maximal orbits in G/P k , but they are not generic. For example, the generic torus orbit in G(2, 4) is singular, but there are non-generic ones isomorphic to CP 2 . Now let £ = {11,..., i s }, so that ω = ω iχ + + ω is . 6. Plucker equations. We saw in Theorem 3 that a torus orbit X in G/P naturally embeds into a projective space whose dimension is the number of weights in the weight system Π ω p (minus 1). This embedding, which we called the Plucker embedding of X, is the restriction to X of the familiar Plucker embedding of G/P. In this section, we derive the "Plucker equations" for this torus orbit embedding.
First, a short review of the Plucker equations for G/P realized as V{(f ω ) is useful. Those equations are due to Kostant; his proof was apparently first published in [6] . We use the form given in [5] is a linear combination of weight vectors v μ , where the μ run over the set sf of all weights, counted with multiplicity:
The coordinate-free relations (PI) produce many equations for the Plucker coordinates n μ (x). These provide some perspective on our result, so we give a brief summary.
Substitute (13) into (PI). The left side is
M 2
For each pair (μ, v) e srf x sf, we get an equation
The coefficients in the right side of (14) are complicated: one must expand each p ω {Ui)x in the basis {^}, collect terms, and so forth. We cannot, and do not need to, describe them explicitly. It is possible, however, to restrict the range of the summation on the right side of (14).
If Let XQ e X be a generic point, with Plϋcker coordinates π® . Recall that "generic" means: π°. ω Φ 0 for w e W/W s . The following convention is useful: if a weight μ has multiplicity > 1, the Plϋcker coordinates associated to μ are denoted by π μ , π' μ , π" μ , ... . The argument goes by (repeated) induction on the weights in the weight system Π ω . When μ e U ω , and
is the level of the weight μ. We will define the desired h e H by prescribing the values /Λ of the fundamental roots on h. For each j, there is a first level at which α ; appears in a weight (17), or else α ; never appears in a weight (this can happen, for instance, when G is semisimple but not simple). In the latter case, h a j remains arbitrary, and its value does not affect the subsequent argument. We therefore disregard such roots.
Suppose now that α 7 does appear in (17); at the first level involving oij , there is at least one weight of the form μ = v -a } \ we pick one of these weights and define
We now claim that for all μ e Π ω , 
The consistency condition (18) follows from the induction hypothesis, and Case 1. beB.
They are not ample; the space H°(G/B, Lj) maps G/B to the highest weight orbit P(^ω;) in P(F ω ;), which is isomorphic to G/Pj where Pj is the maximal parabolic subgroup corresponding to S = {j}. Put differently, the natural projection π 7 : G/B -> G/Pj is followed by the embedding of G/Pj provided by the line bundle Lj -> G/Pj. Let X be a torus orbit in G/B. Then πj(X) is a torus orbit in G/Pj, which has a Plϋcker embedding by the sections of Lj J as described in §5. The corresponding torus invariant divisor D^ on τtj(X) pulls back to a torus invariant divisor Dj on X. Since these divisors correspond in a natural way to the fundamental weights, we call them (for lack of a better term) the fundamental torus invariant divisors on X. We want to study their intersection theory.
To begin, we note that each Dj is defined by the same support function hj. Indeed, the fan Δ 7 of τtj{X) has as maximal dimensional cones certain unions of the co-Weyl chamber C~ in JVR , as described by Theorem 1. The support function hj is defined on the maximal dimensional cones of Δ/ by the formula in Corollary 4. The fan Δ of X has for its maximal dimensional cones all the images wC~ of Cũ nder the Weyl group (since the parabolic subgroup B corresponds to the choice S = {1,...,/}, so that W s = {id}). Thus, each hj is a function on JVR which is not only linear on the cones of Δ 7 but also on the cones of Δ. In fact, it is linear across several cones, so it is upper convex but no longer strictly upper convex, which by [8, Corollary 2.14] means that the divisor Dj is not ample. (0χ(Dj) is, however, generated by global sections [8, Theorem 2.7] .) Furthermore, the polytope D^ is the one described, for G/Pj, in Theorem 2. Figure 5 has an illustration for the case G = SL(3, C) the fans Δ and Δi are pictured. This shows that x eΠ n .
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A similar argument also shows that if (x, α, ) > Πj for all j, then (x, ωj) > (λ, o)j) for all j, which contradicts x e Ώ n . Therefore, for each x e (D n n C + )\Π there is a subset θ c {1,...,/} such that 0< (x 9 άj) <Πj for; $ θ and n k <(x, a k ), (x ? ω fc ) < (A, ω*) for fceθ. As abstract toric variety,
v ( τ ) = T Άτ) εmb(A(τ)).
Let The argument now consists of two steps.
Step 1. V(τ) can be identified with a generic torus orbit in G e /B e .
Step 2. Since by Step 1, V(τ) is a torus orbit, we can speak about the fundamental torus invariant divisors. Call them Df, ... , Df. Proof of Step 1. We need to show that the fan Δ(τ) defining
